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1. INTRODUCTION
 . ` nA function f z s z q  a z that is analytic in the unit diskns2 n
 < < 4U s z: z - 1 is called starlike if and only if
zf 9 z .
Re ) 0 in U.
f z .
w xEvery starlike function is univalent in U 1 .
 .  .  .Let g z and h z be analytic in U. The function g z is subordinate to
 .  .  .  .  .  .h z , written g z $ h z , if h z is univalent in U, g 0 s h 0 , and
 .  .g U ; h U .
w xIn 3 , Miller and Mocanu obtained many interesting results for subordi-
nation by using second order differential subordination.
It is the purpose of the present paper to improve some of their results.
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2. MILLER AND MOCANU'S RESULTS
The following Theorems A, B, C, and D were obtained by Miller and
w xMocanu in 3 .
 .  .THEOREM A. Let A G 0 and let B z be defined on U with Re B z G
 .  .yA for z g U. If p z is analytic in U, p 0 s 0, and
2Az p0 z q B z zp9 z q 1 y B z p z - 1, .  .  .  .  . .
 .then p z $ z.
 .  .THEOREM B. If p z is analytic in U with p 0 s 0, then
2z p0 z .
zp9 z q - 1 in U .
p z .
<  . <implies that p z - 1.
 .  .THEOREM C. If p z is analytic in U with p 0 s 1, and if
zp0 z .
Re 2 p z y y 1 ) 0 in U, .
p z .
then we ha¨e
Rep z ) 0 in U. .
 .  .THEOREM D. Let B z and C z be functions defined on U with
< <Im C z F Re B z . .  .
 .  .If p z is analytic in U with p 0 s 1, and if
Re B z zp9 z q C z p z ) 0 in U, .  .  .  .
then we ha¨e
Re p z ) 0 in U. .
THEOREM E. Let b s 1.21872 ??? be the solution of0
3
y1bp s p y Tan b
2
and let
2
y1a s a b s b q Tan b for 0 - b F b . . 0p
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 .  .If p z is analytic in U with p 0 s 1, then
a b1 q z 1 q z
p z q zp9 z $ « p z $ .  .  . /  /1 y z 1 y z
or
p p
< <arg p z q zp9 z - a « arg p z - b . .  .  . .
2 2
w xTheorem E was obtained by Miller and Mocanu in 4, Theorem 5 .
3. RESULTS
 .  .THEOREM 1. Let A G 0 and let B z be defined on U with Re B z G
 .  .yA for z g U. If p z is analytic in U, p 0 s 0, and
2Az p0 z q B z zp9 z q 1 y B z p z .  .  .  .  . .
2
zp9 z .
- 1 q y 1 A in E, 1 .
p z .
<  . < < <then p z F z in U.
Proof. If there exists a point z g U such that0
< < < < < < < <p z - 1 for z - z and p z s 1, .  .0 0
w xthen from 5, Lemma A , we have
z p9 z .0 0 s k G 1.
p z .0
 .Putting z s z in 1 , we have0
2Az p0 z q B z z p9 z q 1 y B z p z .  .  .  .  . .0 0 0 0 0 0 0
z p0 z .0 0s z p9 z A 1 q y A .0 0   /p9 z .0
p z p z .  .0 0qB z 1 y q .0 5 /z p9 z z p9 z .  .0 0 0 0
z p0 z 1 1 .0 0s k A 1 q y A q B z 1 y q . .0  / /p9 z k k .0
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w xOn the other hand, from Miller and Mocanu's result 5, Lemma A , we
have
z p0 z z p9 z .  .0 0 0 0
1 q Re G s k G 1.
p9 z p z .  .0 0
Then we have
z p0 z k y 1 1 .0 0
Re A 1 q y A q ReB z q .0 / /p9 z k k .0
k y 1 1
G kA y A q ReB z q .0 /k k
2k y 1 k y 1 A q 1 .
s ReB z q A q . .0 /k k
2k y 1 A q 1 .
G .
k
Therefore we have
2Az p0 z q B z z p9 z q 1 y B z p z .  .  .  .  . .0 0 0 0 0 0 0
2
z p9 z .0 0G y 1 A q 1.
p z .0
 .This contradicts 1 . Therefore we have
< <p z - 1 in U, .
and Schwarz's lemma shows
< < < <p z F z in U. .
Remark. Theorem 1 is partly better than Theorem A.
 .  .THEOREM 2. If p z is analytic in U with p 0 s 0, then
2z p0 z zp0 z .  .
< <zp9 z q - 1 q in U 2 .  .
p z p9 z .  .
<  . <implies that p z - 1 in U.
Proof. If there exists a point z g U such that0
< < < < < < < <p z - 1 for z - z and p z s 1, .  .0 0
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w xthen from 5, Lemma A , we have
z p9 z .0 0 s k G 1.
p z .0
 .Putting z s z in 2 , we have0
2z p0 z .0 0
z p9 z q .0 0 p z .0
z p0 z z p9 z .  .0 0 0 0s z p9 z q .0 0 p9 z p z .  .0 0
z p0 z z p0 z .  .0 0 0 0s k 1 q G 1 q . /p9 z p9 z .  .0 0
 .This contradicts 2 . Therefore we have
< <p z - 1 in U, .
and Schwarz's lemma shows
< < < <p z F z in U. .
Remark. Theorem 2 is better than Theorem B.
 .  .THEOREM 3. If p z is analytic in U with p 0 s 1, and if
zp0 z .
Re a p z y y 1 ) 0 in U, 3 .  . /p9 z .
where a ) 0, then we ha¨e
Re p z ) 0 in U. .
Proof. If there exists a point z g U such that0
< < < <Re p z ) 0 for z - z and Re p z s 0, .  .0 0
w  .x w xthen from 5, Theorem 4, ii or 8, p. 3 , we have
z p0 z .0 0
1 q Re G 0.
p9 z .0
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Then, it follows that
z p0 z z p0 z .  .0 0 0 0
Re a p z y y 1 s yRe 1 q F 0. .0 /  /p9 z p9 z .  .0 0
 .This contradicts 3 . Therefore we have
Re p z ) 0 in U. .
This completes the proof.
Remark. Theorem 3 is better than Theorem C.
 .  .THEOREM 4. Let B z and C z be functions defined in U with
< <Im C z F Re B z . .  .
 .  .If p z is analytic in U with p 0 s 1, and if
21 < <Re B z zp9 z q C z p z ) y 1 y p z Re B z in U, .  .  .  .  .  . .  .2
4 .
then we ha¨e
Re p z ) 0 in U. .
Proof. If there exists a point z g U such that0
< < < <Re p z ) 0 for z - z and Re p z s 0, .  .0 0
w xthen applying the same method as the proof of 6, Theorem 1 , we have
 .that z p9 z is a negative real number and0 0
1 2< <z p9 z F y 1 q p z . .  . .0 0 02
 .Since p z is pure imaginary and from the hypothesis, it follows that0
Re B z z p9 z q C z p z .  .  .  . .0 0 0 0 0
1 2< <F y 1 q p z Re B z q Re C z p z .  .  .  . .0 0 0 02
1 2< <s y 1 q p z Re B z q ip z Im C z .  .  .  . .0 0 0 02
1 2< < < < < <F y 1 q p z Re B z q p z Im C z .  .  .  . .0 0 0 02
21 < <F y 1 y p z Re B z . .  . .0 02
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 .This contradicts 4 . Therefore we have
Re p z ) 0 in U. .
This completes the proof and this theorem is better than the result of
w xMiller and Mocanu 3, Theorem 8 or Theorem D.
Applying the same method as the proof of the previous theorem, we
obtain the following theorem.
 .  .THEOREM 5. Let p z be analytic in U with p 0 s 1 and suppose that
1 2< <Re p z q zp9 z ) y 1 q p z in U. 5 .  .  .  . .  .2
Then we ha¨e
Re p z ) 0 in U. .
Remark. Theorem 5 improves many results which were obtained by
w  .xmany authors, for example, Miller's result 2, p. 80, 4 .
 .  .THEOREM 6. Let p z be analytic in U with p 0 s 1 and suppose that
g 2< <arg p z q zp9 z q 1 q p z .  .  . . /2
p 2
y1- 1 q Tan 1 y g in U, 6 .  . /2 p
where g F 1.
Then we ha¨e
Re p z ) 0 in U. .
Proof. If there exists a point z g U such that0
< < < <Re p z ) 0 for z - z and Re p z s 0, .  .0 0
w x  .then from 6, p. 152 , we have that z p9 z is a negative real number and0 0
k 2< <z p9 z F y 1 q p z , .  . .0 0 02
where k G 1.
 .Then, we want to prove p z / 0.0
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 .If p z s 0, then we have0
g g y 12< <p z q z p9 z q 1 q p z F F 0. .  .  . .0 0 0 02 2
 .This contradicts 6 . Therefore we have
p z / 0. .0
w x  .Applying the results of 6, 7 , for the case arg p z s pr2, we have0
g 2< <arg p z q z p9 z q 1 q p z .  .  . .0 0 0 0 /2
z p9 z g .0 0 2< <s arg p z 1 q q 1 q p z .  . .0 0 /p z 2 p z .  .0 0
p ig 1
< <s q arg 1 q ik y p z q .0 / /< <2 2 p z .0
p i 1
< <G q arg 1 q 1 y g p z q .  .0 / /< <2 2 p z .0
p
G q arg 1 q i 1 y g . .
2
p
y1s q Tan 1 y g . .
2
 .This contradicts 6 .
 .For the case arg p z s ypr2, applying the same method as the0
above, we can have
g 2< <arg p z q z p9 z q 1 q p z .  .  . .0 0 0 0 /2
p 2
y1F y 1 q Tan 1 y g . . /2 p
 .This contradicts 6 . Therefore we have
Re p z ) 0 in U. .
This completes our proof.
Remark. For the case b s 1 in Theorem E, Theorem 6 generalizes
Theorem E.
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